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1

Risk and Return

e Portfolio management is about gaining as much return as possible by keeping
the risk under control.

— return is the expected return of the portfolio over the next holding period.

— risk is also an estimator covering the nezt holding period.
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1.1 Return
e Portfolio consisting of holdings N.. &k = 1,.. . M in M financial instruments
(assets) with asset values 1}, dependent on n market parameters (risk factors)
S;i=1,.._, n
M
V(t) =) NeVi(S(2)
k=1
e Portfolio return over a time period ot
M
rv(S(2)dt = > wi(S(t))r(S(t))dt (1.1)
k=1
— with position weights w; and instrument and portfolio returns ry and ry.
- oV N W NV,
ryot ;= — , ridt = —k . W = k, £ for k = 1. .M (1.2)
| Vi V '
— in vector notation
ry =Wor
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e The same holds for the expected portfolio return Ry

Ry =E[rn]=w'R (1.3)
— R denotes the vector of expected asset returns R for k=1,.. . M.
R=E[r] — Ry,=E|rg] for k=1....M

1.2 Risk

e Portfolio value change induced by market parameter changes (delta normal ap-
proximation)
M

M LR 1
oV = kz_; Ny Z %55& = ; Ny Z A%§S,
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e Variance of the portfolio value change

var | Z Z "w;,_,_’\k’S 0X;; Ny _\E

t,7=1Ek.I=1
Z:E:ubfﬁ% o (1.4)
kI=11j=1
— V*wliCw

— with the risk factor covariance matrix
60X =cov[dInS;,61n S| = gipijo0t , i,j=1...n

— and the asset covariance matrix ¢C with matrix elements

Mﬂp—W\NhikﬁnhrmEZng Q. kl=1..M (L5

7,7=1

— usually considered: investments in the risk factors themselves (e.g.. in
stocks)
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— here: investments in instruments (e.g., derivatives)

— The only difference (in the delta normal approximation): instead of 63 use
0C as the covariance matrix.

e Delta normal Value at Risk':

VaRy (c) = |Q1—c| v/ var [0V] (1.6)

= |Q1_C Vv WTJCW

M n
s
= |Ql—c Vv (}t_ Z Wl Z -ﬂ?ﬂ'gﬁjﬁi‘jﬂé

k=1 ij=1

— proportional to the portfolio value 1/

— much better suited for optimization: Value at Risk in percentage terms:
VaRy (c)/V

'Deutsch, H-P.., Derivatives and Internal Models, 3rd Edition, Palgrave, London 2004,
[SBN 1-4039-2150-4, for a review of the 2nd Edition in RISK Magazine see
http://www.d-fine.de/pool /bibliothek /hpd bhook review pdf
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— Also: arbitrary but constant factors |@,_.| and Vot irrelevant for optimiza-
tion.

VaRy (c) 1 1 1 [

.. oV 1 -
— = —— /| —var 0V| = — 'fvar —} = ——. /02
V@] VOt NEARE oV v"E\a‘f 1% NZARE

e Thus. our risk measure is simply the portfolio volatility

1

gy = ——=VwIiCw =: VwICw (1.7)
\ Ot
— with the new matrix C defined as
1 .
C:=—oC (1.8)
ot '
s
Cu= Y Qfoipijo; , kil=1_._M
i j=1

e . o . . =il . . .
e We can just as well use oy- as the risk measure for portfolio optimization purposes

2 T
oy = w Cw

(1.9)

— This and Eq. 1.3 are the starting point for classical mean variance opti-
mization and Markouvitz theory.
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2

Classical Portfolio Optimization

e Consider portfolios fully invested in risky assets

© 2005 d-fine All rights reserved. 10
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e All of the capital is invested in the M financial instruments
M

Z w = 1

k=1
wlil=1"w=

2.1 The Minimum Risk Portfolio

e MNlinimize the portfolio risk by varying the position weights wy
— using the Lagrange Method

e The w; can well be negative if short selling is allowed.

e The only constraint is to be fully invested. i.e.. Eq. 2.1.

e The Lagrange function is

L= wCw —Awll-1]
e N>

to be minimized .
constraimnt

© 2005 d-fine All rights reserved.
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— extremal L for

o adL
0= ST = 2Cw — A1 (2.2)
— minimal £ for )
oL 9> 0
dwowT T 7

# the assets’ covariance matrix C must be positive definite (usually no
problem), i.e., it’s inverse C™! exists

e Solution of the optimization
Cc'1

V=161 (23

— These weights depend only on the assets’ covariances but not on their re-
turns.

© 2005 d-fine All rights reserved. 12



1ine

e Risk and return of this portfolio are

o 1
g2 =w Cw =——— (2.4)
min 17C-11 . .
T (—1
e VTR
1TC-11

2.2 The Efficient Frontier

e Again find portfolio with minimal risk

— but observe one more constraint: the portfolio must have a given fixed
expected return F:

| |
Ry =R—w'R=R (2.5)
e The Lagrange Function to be minimzed is
L= w'Cw —MN[WR-R —\[w1l-1
v \_..v.-—:r" \-—n..\v,.—:r"
LR T Caonstraint Constraint

© 2005 d-fine All rights reserved. 13



e Solution of the optimization: weights of an efficient porttfolio

2 o

7V Zmin 01 (R — 1R,;,) (2.6)

w=o0- Cl]14X —_mn
R — len

— for each given portfolio return R there is one unique portfolio which mini-
mizes the risk

e Risk of an efficient portfolio

o {R - Rmin)z —
R*C 'R — Rmin.-’r U min

— This minimal portfolio variance for a given R as a function of R is a
parabola.,

— The R as a function of the minimal portfolio volatility o, is called the
efficient frontier.
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2.3 The Market Portfolio and the Sharpe Ratio

e Goal of any investment

— Maximize what vou get for the risk vou take

— In other words: maximizes the market price of risk
— In other words: maximizes the Sharpe Ratio

R — rs

a

—
1D

e The optimal or market portfolio is the fully invested portfolio with maximum
Sharpe Ratio

— it must lie on the efficient frontier (because fully invested)

— solving Eq. 2.7 for R yields the Sharpe Ratio for any portfolio on the
efficient frontier
Rmin —r / o ; / 9 ;0
y=—"2—L+,/1-02, /0% /RTC'R—RZ, /02,
o ' ' '

ML

© 2005 d-fine All rights reserved.
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e To find the maximal Sharpe Ratio move along the efficient frontier by varying o

.9 » RICTR—RZ, /oi., \
0= = = Tf— Rmin T T in —_—— f?Q,l
aﬂ— \-/JZ o g;ﬁn |
— Solving this for o? yields the variance of the market portfolio
. RIC'R—R%2. /o2,
U—fn — "r‘T;’Lin + Ufnin ¢ m”."; — [:2“]:]
[-F'-min - T_f,:ld
— The return FH,, of the market portfolio follows as
RTC'R — R%. /o2, L
Ry = Ruin + 0y min/ _min (2.11)
Hmin — Ty . .
e The weights of the optimal portfolio are:
R — 1R .
Wi = Win + 02, C™? (2.12)
Rmin - T_f
 C'R
1TC-'R

© 2005 d-fine All rights reserved. 16
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— where a "hat" denotes excess returns. i.e.

F{:R— J.T‘_f . RTL' :R\;' —Tf . etc.

2.4 The Capital Market Line

Why is the market portfolio so important?
e The market portfolio has unique risk o,, and unique return R,,.
e In particular. the risk of the market portfolio cannot be chosen by the investor.

e Always invest in the market portfolio, even if ¢,, doesn’t coincide with your risk
preference o,.quired-

— If Orequired << Om: Invest a percentage w of the total capital in the market
portfolio and the rest risk free.
— If Trequired = Om: borrow money and invest the total sum in the market
Lo ot
portfolio.

© 2005 d-fine All rights reserved. 17
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— This strategy has the same (i.e., maximal) Sharpe Ratio as the market
portfolio.

+ Investing or borrowing in the money market doesn’t produce neither
risk nor excess return.

e The return and risk of this strategy are

R, =wRpn+ (1 —w) ry (2.13)
Oy = W,
— Write the return as
ay
Rt-' — 'Ir“jc —+ me — T‘f)a
R, —r

= 7 + oy With 7, = ——2 (2.14)
O '

Conclusion 1 The best possible return as a function of the risk taken is a
straight line with slope given by the Sharpe Ratio of the market portfolio.

© 2005 d-fine All rights reserved. 18
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e This straight line is called the capital market line.

e Eq. 2.14 can be read in the following way:

— For each unit of additional risk o an investor is willing to take, the expected
return increases by 7p,.

— The Sharpe Ratio is therefore the market price of risk of the investment
universe consisting of the M risky assets (and of course the money market

account ).

+ In complete agreement with the market price of risk encountered in
option pricing

+ 1.e. with the drift appearing in the Girsanov Theorem for the transition
from the real world measure to the martingale measure used for pricing

Summary 2 The Sharpe Ratio v, of the market portfolio for an investment
universe consisting of M risky assets is the slope of the capital market
line describing the expected return of the optimal investment strategy as
a function of investment risk. The Sharpe Ratio is therefore the market
price of risk for this investment universe.

© 2005 d-fine All rights reserved.
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e Therefore, everyvbody should always invest only in the market portfolio and the
money market.

— What, if all of the above breaks down ....7

© 2005 d-fine All rights reserved. 20
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Figure 2.1: A risk return diagram. The "assets" are the DJ STOXX 600 sector indices

in 1996.
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3

The Condition for a Valid Market
Portfolio

2

min

5 I i 5 . L Yy q - ¥ "
e Since o, = o-. we should also have R,, = R.;, in Eq. 2.11, since otherwise:

— Sharpe Ratio of minimal risk portfolio > Sharpe Ratio of the market port-
tolio.

© 2005 d-fine All rights reserved. 22
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— contradiction to the market portfolio having mazimal Sharpe Ratio.

e Thus. we must have

2 RTC IR RE mfgmm ;‘ 0

min

Rmin — Ty

© 2005 d-fine All rights reserved.
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e Observe that! ,
T ~—1
RTC'R }(l EaE) — R /o2
= lTC_ll Milr s min

e Thus. RTC-'R— R%*. /og*. = 0.

min! ~ min —

1'To show this, we need the Cauchy-Schwarz inequality for a scalar product of two arbitrary vectors
x and y:

(xTy)" < (") (y"y)
Since C~! is positive definite, the inequality is preserved if “multiplied” by C~! twice:
(xTc—l},f < (xTC ') (yTCly)
Now choose x =1 and y = R:
(17c'R)’ < (17c 1) (RTC'R)

(17Cc'R)’
1TC-11

<RTCR

© 2005 d-fine All rights reserved. 24
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. a2
e Since o~

min

> 0 (as for any squared number). Condition 3.1 is only fulfilled for

Rmin E T}r (‘32)

e Usually, Ruin > ry holds since:

— The minimum risk portfolio is a portfolio of risky assets.

— Therefore, the market should require an expected return above the risk free
rate.

e However, Eq. 3.2 "sometimes" (e.g., in the years 2000, 2001 and 2002) does not
hold. Then:

— The expected return of the market portfolio, Eq. 2.11. is lower than R_;,.
— Thus. the market portfolio cannot have maximum Sharpe Ratio.
— But the market portfolio still has extreme Sharpe Ratio (Eq. 2.9 still holds.)

— The extremum is now the minimum and the market portfolio is the worst
investment possible.

© 2005 d-fine All rights reserved. 25



1ine

Conclusion 3 If the return of the fully invested minimum risk portfolio is
less than the risk free rate., then there is no fully invested portfolio with
maximum Sharpe Ratio.

e Intuitively: If markets are turning down then

— Any portfolio which is net long cannot be the best choice,

— By definition, a fully invested portfolio is 100% net long.

— All portfolios on the efficient frontier are fully invested.

— Therefore, the whole efficient frontier does not contain any good portfolio!

— There are many portfolios above the efficient frontier,

© 2005 d-fine All rights reserved. 26
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4

Attributes and Characteristic
Portfolios

e The assets in a portfolio have many characteristics or attributes

— expected return. market capitalization, beta with respect to an index. mem-
bership in a certain economic sector, etc.

25
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e The exposure of a portfolio V' to a certain attribute a of the assets is defined as

M
ay = Z Wear = Wla (4.1)

k=1

— Examples:

+ If the attributes a; for ¢ = 1. ... M measure how strongly the assets be-
long to the automotive industry then ay is the exposure of the portfolio
to the automotive industry.

+ If the characteristics a; are the asset returns E; then the exposure ay
is simply the portfolio return Ry-.

e The characteristic portfolio for an attribute a is defined as the minimum risk
portfolio with unit exposure to that attribute, i.e.. with

wlia=1 (4.2)

e No other constraints. In particular: no fully invested constraint.

© 2005 d-fine All rights reserved. 28
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e The characteristic portfolio minimizes its risk while observing Constraint 4.2,
The Lagrange function is

L= W?CW{I — A [W{{a —1
To be Minimized Constraint

e Solving this optimization problem yields the weights, variance and excess return
of the characteristic portfolio

C-la
W, =—— 4.3
al’C-la (4:3)
1
2 _

%a T FTC-1a

~ a’C—'R

“ aTC-la

e The Sharpe Ratio of the characteristic portfolio is

- }%H B aTC'R (4.4)
“ o0, aTC-la -

© 2005 d-fine All rights reserved. 29
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e A useful relation between two characteristic portfolios

— Let b, denote the exposure of a characteristic portfolio 1}, of an attribute a
to another attribute b

— Likewise, a; denotes the exposure of characteristic portfolio 1, to the at-
tribute a

— The relation between those two exposures is the same as between the vari-
ances of the two characteristic portfolios:

bq 2
o (4.5)
Q. o}
4.1 The Leverage
e [et's choose the attribute vector L to he
L=1—L,=1.k=1...M (4.6)

© 2005 d-fine All rights reserved. 30
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e The exposure of any portfolio V' to this attribute is the extent of investment in
risky assets, also called leverage

M
Ly=wL=wT1=) w (4.7)
k=1
e A fully invested portfolio has Ly = 1.

e The characteristic portfolio V7 for this attribute is the fully invested portfolio
with minimum risk.

— From Eq. 4.3, this portfolio has the following weights, variance and excess

return
c1 . 1
W=, gf= 4.8
I/irc-11 L= rc-11 (4.8)
. 1TCc-'R
Ry = ——
1T7C-11

+ In full accordance with Eqs 2.3 and 2.4,

© 2005 d-fine All rights reserved. 31
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4.2 The Excess Return

e Let’s now choose the attribute vector to be the assets’ expected excess returns

A =R=R -1 (4.9)

e The exposure of any portfolio V' to this attribute is the portfolio’s expected

excess return.
M

Ay =w'R=) " wy (Rx —y) (4.10)
k=1
e The characteristic portfolio V4 for this attribute is the minimum risk portfolio
with unit exposure, i.e., with excess return equal to 1.

Ri=Ra—rs=1 (4.11)
— According to Eq. 4.3, this the characteristic portfolio has weights and
variance: -
C'R 1
RTC-1R RTC-R

© 2005 d-fine All rights reserved. 32
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e This characteristic portfolio has minimal risk for a given. i.e., constant excess
return

— Therefore, it maximizes the ratio 1/o4 = R4/0 4.

— But this is the portfolio’s Sharpe Ratio.

Conclusion 4 The characteristic portfolio for atiribute A = R has mazimal
Sharpe Ratio. This holds for any situation. even if Inequality 3.2 does not

hold.

1 — —
— 4 =—=VRTC-'R (4.13)

e For any positive number A, an investment with weights A - wg for £k = 1,. .. M.
will have the same Sharpe Ratio.

— All portfolios with maximal Sharpe Ratio (but different leverage via differ-
ent \) lie on a straight line with slope 7Jmax.

— We call this line the Capital Market Line.

© 2005 d-fine All rights reserved. 33
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4.2.1 Comparing your Portfolio with the Best

e To relate the excess return of your portfolio V' (having weights w) with this

characteristic portfolio solve Eq. 4.12 for R

T

-~ W Cwy

wIR = —_—
TA

e The Sharpe Ratio of your portfolio is:

wR wlCwy

v = —
Oy Ova 4

e The factor in front of 4 is the correlation between the two portfolios, because:

M
E Wi E,{-‘_Jl__iéf COv L TR, T }

ki=1

wlCw 4

= dtcov(ry,ra)

= COIT(Tyv,7T4)0Vv04

© 2005 d-fine All rights reserved. 34
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Conclusion 5 The Sharpe Ratio of your portfolio is the maximal Sharpe
Ratio times the correlation between your portfolio and the characteristic

portfolio V' ;.
Vv = pv.a 74 for all portfolios V/ (4.14)

Conclusion 6 Only portfolios fully correlated with the characteristic port-
folio V4 have maximal Sharpe Ratio.

4.3 The Market Portfolio Revisited

e The characteristic portfolio for A= R has an (enforced) excess return of 1, i.e.,
of 100%.

— Therefore, it usually contains significant leverage.
e This leverage is simply the exposure of portfolio 14 to the attribute L

L= wil = WEL

© 2005 d-fine All rights reserved. 35
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e Eq. 4.5 applied to the attributes L and A directly vields the leverage

2 2 lTC—lﬁ
La=24,=BwTR==—— (4.15)
UL JL“""'V‘" RTC IR .
Ry

e Construct a portfolio 1}, with leverage one (i.e., a fully invested portfolio), by
simply dividing all the weights w4 by L 4:

1 2
Wy =—W 4= :T‘Ei. W4 (4.16)
LA gRiip

. . o -
e With our results for 0%, 03 Ry and wa we get

-
Wi = % (4.17)
11 C—1

— Full accordance with Eq. 2.12!
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Conclusion 7 We have recovered the market portfolio using a cunning com-
bination of two minimum risk portfolios: the minimum risk portfolio with
leverage one and the minimum risk portfolio with excess return one!

e [t can be shown. that the market portfolio is itself a characteristic portfolio for
the following attribute vector:

17C'R -
m=—R
RTC-1R

e With the above weights, the market portfolio has the following excess return and

variance
_ RTC-'R
1TC-1R
RTC'R
an = wi@wm = —
(Lfc—lﬂ)

© 2005 d-fine All rights reserved. 37
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e From this, the Sharpe Ratio of the market portfolio can be written explicitly as

R
Om
1TC'R

—VRIC-'R
1TC-1R

Ry

e — ¥ A

Ry

— We explicitly see here. that this is the Sharpe Ratio of the characteristic
portfolio V4 or its negative, depending on the expected return of the
minimum risk portfolio being above the risk free rate or not!

Conclusion 8 To be on the safe side in all situations, one should always

use the characteristic portfolio for the attribute R to construct the Capital
Market Line.

© 2005 d-fine All rights reserved. 38
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4.4 The Efficient Frontier Revisited

e [t can be shown that all portfolios on the efficient frontier are linear combinations
of the two fully invested characteristic portfolios

.

R—R Rn—R

W, = =
Rm - RL Rm _ RL

Conclusion 9 An efficient frontier portfolio with required excess return R

i3 stmply the linear interpolation between the fully invested minimum risk
portfolio and the market portfolio!

e [t can also be shown that each efficient frontier portfolio is itself a characteristic
portfolio for the following attribute

) . - .
o R, — R R—R; R .
e=ZL " —1+—F = (4.20)
O¢ Rm - RL Rm — RL RL
e [t can also be shown that asymptotically, for o,, — oo, the efficient frontier
approaches two straight lines with slopes = R/“,-fn — “E
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Figure 4.1: A risk return diagram. The "assets" are the DJ STOXX 600 sector indices

in 2002.
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5

Summary

— You can be way above the efficient frontier!
— We can do even better, far beyond Markovitz.
— Read my book!

— Ohserve a live portfolio at www.triple-alpha.de

'H-P.

Deutsch, Quantitative Portfoliosteuerung, Schaffer-Poeschel Verlag, Stuttgart 2005

39
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triple-a asset allocation advisory service

triple-a allows you to actively manage your portfolio in a risk-adjusted
way based on objective mathematical-statistical methods.

triple-a. portfolios generally lie well above (in the worst case on) the
famous “efficient frontier”.

State of the art parameter-free risk measures are used with no model
assumptions whatsoever.

Advanced, adaptive Stopp-Loss strategies.

All transaction costs are taken into account in a consistent risk-adjusted
way and are factored into the investment decision in a mathematically
correct manner.

The optimisation is therefore realistic and not just an academic exercise
in an idealised world.

For details, go online on www.triple-alpha.de
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